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A method is developed for the engineering calculation of the tempera ture  field of a solid [1] 
when its sur face  is subject to heat t r ans fe r  by radiation, convection, and evaporation or  
condensation simultaneously.  Solutions are  given for an exponential initial t empera ture  
distribution and a two- layer  sys tem.  

Under natural conditions heat t ransfer  general ly  takes place on the surface  of a solid by severa l  
mechanisms acting s imultaneously (for example, convection, radiation, evaporation or condensation, e tc . ) .  
This considerat ion,  coupled with the fact  that the role of each hea t - t r ans fe r  mechanism varies continuously 
with t ime by a r b i t r a r y  laws, presents  certain difficulties in calculating the t empera tu re  state of solids.  

We now consider  a method for the engineering calculation of the tempera ture  field in a solid whose 
surface  is subject to heat t r ans fe r  by severa l  mechanisms acting in concer t ,  and for our initial data we 
specify the t e m p e r a t u r e - t i m e  dependence for air ,  so lar  radiation, and other pa ramete r s  typical of the 
thermal  reg ime on the sur face  of the given solid. 

The heat flux ac ross  the surface of the solid can be expressed by means of the thermal  balance equa- 
tion: 

_ ~ OT (0, ~) 
0 - - - ~  = q'~ (x) - -  q r ('0 ~ qc  (T) ~ qv ('0. (1)  

Then, using the equations of heat -  and m a s s - t r a n s f e r  theory,  we can represent  the quantities qs (T), 
qr (~')' qc (z), and qv (T) each as an algebraic sum consist ing of a l inear function of the surface tempera ture  
and a t ime function given in the fo rm of a power-law polynomial: 

n 

ql ('0 = k,T (O, "O-k ~ u(f'r (2) 
~ 0  

where ki and UtL are  coefficients.  

For  instance, the convective heat flux may be determined f rom the relat ion 

q c  (~) = ~ (T) i v  (o,  ~) - To (T)] �9 (3) 

In accordance  with the condition set forth above we must approximate the function T O (T) on the in- 
vestigated t ime interval by a power polynomial and average a(T), then use this average value in the ca l -  
c ulations. 

As another example, we determine the radiative heat transfer in the familiar way on the basis of the 
Stefan-Boltzmann law: 
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Fig .  1. Graphs  of the funct ions  @u (W, Y) fo r  v = 0 (a), 1) 
( b ) , 2  (c), a n d 3  (d). a : l )  Y = 0 ;  2) 0.1; 3) 0.2; 4) 0.3; 5) 
0.4; 6) 0.5; 7) 0.6); 8) 0.7; 9) 0.8; 10) 0.9; 11) 1.0; 12) 1.5. 
b: 1) Y = 0; 2) 0.1; 3) 0.2; 4) 0.3; 5) 0.4; 6) 0.5; 7) 0;6; 
8) 0.7; 9) 0.8; 10) 1.0; 11) 1.5. c :  1) Y =  0 ;2 )  0 . 1 ;3 )  
0.2; 4) 0.3; 5) 0.4; 6) 0.5; 7) 0.6; 8) 0.7; 9) 0.8; 10) 1.0. d: 
1) Y = 0; 2) 0.1; 3) 0.2; 4) 0.3; 5) 0.4; 6) 0.5; 7) 0.6; 8) 0.8; 
9) 1.0. 

q r (~) = e~ 10 -s iT a (0, T) -- T~4nd (~)] . (4) 

In radiative heat transfer under natural conditions the temperature T(0, I-) and Tbn d (~) vary between relatively 
narrow limits. This fact permits us to approximate T 4 (0, T) and T~n d (T) accurately by linear functions and 
to write expression (4) in the form 

q r ('0 = e%n [ r  (o, T)--Tbn d (x)] . (5) 

I t  has  been  shown in [1] tha t  fo r  the t e m p e r a t u r e  i n t e rva l  268 to 308~ the ind ica ted  t r a n s f o r m a t i o n  
induces  an e r r o r  of a t  m o s t  7%, w h e r e  the coef f i c ien t  n = 0.96. 

Next ,  a p p r o x i m a t i n g  the funct ion Tbn d (~-) on the  given t i m e  in t e rva l  by a power  po lynomia l ,  we can  
e a s i l y  r e d u c e  (5) to e x p r e s s i o n  (2). 

Thus ,  by r educ ing  the v a r i a b l e s  qs (1-), q r  (~)' qc (1-), and qv (T) to e x p r e s s i o n  (2) and then  subs t i tu t ing  
t h e m  into the t h e r m a l  ba lance  equat ion (1) and conso l ida t ing  coe f f i c i en t s  of l ike  p o w e r s  l-P, we can  de -  
te r :mine  the hea t  f lux a c r o s s  the s u r f a c e  of the  sol id  by  the r e l a t i on  

m 

- - k  OT(O, "0 = ~ .  sJ  v - N T ( O ,  "0. (6) 
Ox z . . a  

~ 0  
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F i g .  2. D i m e n s i o n l e s s  v a r i a b l e  

AO(O, r ) /O0 v e r s u s  W f o r  t h r e e  

v a l u e s  of S.  

F o r  m = 0 Eq.  (6) is  w r i t t e n  

_ ~, OT (0, x) 
= s o - N T ( 0 ,  x). (7) 

Ox 

Equa t ion  (7) c o r r e s p o n d s  to t h e  s p e c i a l  c a s e  in which  the  i n i t i a l  d a t a  a r e  i n t e r p r e t e d  as  p a r a m e t e r s  
w h o s e  v a l u e s  a r e  c o n s t a n t  o v e r  the  a n a l y t i c  t i m e  i n t e r v a l .  I t  is  i m p o r t a n t  to ment ion  tha t  e x p r e s s i o n  (7) 
has  been  d e r i v e d  in [2, 3]. 

We  next  e x a m i n e  s e v e r a l  s o l u t i o n s  of t he  h e a t - c o n d u c t i o n  equa t ion  u n d e r  our  b o u n d a r y  cond i t ions  (6) 
f o r  s o m e  of the  m o s t  i m p o r t a n t  p r a c t i c a l  s i t u a t i o n s .  

1 ,  S e m t i n f i n i t e  B o d y  H a v i n g  a U n i f o r m  

I n i t i a l  T e m p e r a t u r e  

We deno te  the  fo l lowing :  

O(x, x) = T ( x ,  x) - -T|  

w h e r e  

T| = const. 

The  s o l u t i o n  of the  h e a t - c o n d u c t i o n  equa t ion  

020(x, ~) 
Ox 2 

1 O0(x, ~) 
a 

- -  = o  (8) 

s u b j e c t  to the  b o u n d a r y  cond i t ions  

in which  

ao (o, ~) yx=  z.x~--HO (0, x), 

~=o (9) 

0 (oo, ~) = 0, 

s o - -  N T |  s ,  z o =  , z~=  ( v = l ,  2, . ,  m), H =  N 
Z -~-  "" z ' 

and the  z e r o - v a l u e d  initial condition 

0 (x, 0) = 0, (10) 

which  ensues  f r o m  the  cond i t ion  of a u n i f o r m  in i t i a l  t e m p e r a t u r e  d i s t r i b u t i o n  [T(x,  O) = eons t ] ,  was  found 
by  an o p e r a t i o n a l  method  and is w r i t t e n  

1 m 

0 (x, r : ~ -  Z z ~  ~ (w, v), 
~ 0  

( 1 1 )  
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where  

v! 2v. 
Vv= ~ - -  { ~ (--2W)~i 6 eric Y--exp ( W 2 + 2 W Y ) e r i e  (W+ Y)}, (12) 

~=0 
X 

W = H ~/a'~, Y-= ,21/~ 
The functions ~v depend on the two d imens ionless  p a r a m e t e r s  W and Y. The values of these  functions were  
calculated to fac i l i ta te  the i r  p rac t ica l  uti l ization. They a re  given in Fig.  1. 

2 .  S e m i i n f i n i t e  B o d y  H a v i n g  a n  E x p o n e n t i a l  I n i t i a l  

T e m p e r a t u r e  D i s t r i b u t i o n  

The solution of Eq. (8) subject  to the boundary conditions (9) and the initial condition 

0 (x. O) = 0 o exp ( "  Ax), (13)  

in which 

0 o = T (0, O) - -  To,, 

was found by an operat ional  method and is wri t ten 

tn 

O(x. z ) - - - - ~ - Z  zW'~.(W. Y)+Ooexp(- -Y *) 

~ '~0  

x .2 s - ~ '  Y P{"~} i ' 

P {u} = exp u ~ effc u ,  

u i = ' S q - Y ,  'u,~ = S - - Y ,  u 3 = W +  Y ,  S =  A ~/:~..  

(14) 

The values of the function P{u} a re  given in [4]. 

Examining the solution (14), we notice that it cons is ts  of two pa r t s ;  the f i r s t  pa r t  [the f i r s t  t e r m ,  
which is wri t ten as (11)] is de te rmined  by the boundary conditions on the su r face ,  and the second pa r t  
accounts for  the influence of the initial dis t r ibut ion.  

The ro le  of the second pa r t  can be assumed  by compar ing  (11) with (14) for  x = 0: 

A0 (0, ~) _ S W exp SZ erfcS _ _ exp W2 erfc W. (15) 
Oo S - - W  S - - W  

The quantity AO (0, ~)/00 represents, in dimensionless form, the difference that arises in the calculation 
of the surface temperature of the body according to Eqs. (11) and (14). The behavior of this quantity as a 
function of W and S is illustrated by the graphs of Fig. 2, which were obtained from (15). It is apparent 

from Fig. 2 that for S > 1 and W > 1 we have 

a0(0, <0.,5. 
Oo 

Consequently,  the influence of the nonuniformity of the initial dis tr ibution may be neglected in this case  for  
the solution of p rac t i ca l  p rob lems ,  and the calculat ion can be ca r r i ed  out on the basis  of (11). 

3. S e m i i n f i n i t e  B o d y  H a v i n g  a U n i f o r m  I n i t i a l  

T e m p e r a t u r e  and on I t s  S u r f a c e  a P l a n e  L a y e r  w i t h  

D i f f e r e n t  T h e r m a l  C h a r a c t e r i s t i c s  

This problem is formulated mathematically as follows. Solve the heat-conduction equations 

0~01(x, T) 1 00 l(x, T) =0, - - L ~ x ~ 0 ,  
OX ~ o 1 O'r; 

(16) 
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subject  to the initial condition 

O%(x, +), 1 O0~(x,. *) =0, 
a~ 8-~ 

O,(x, o) = o, (x, o) = o 

x>/9  (17) 

(18) 

and the boundary conditions 

OOl (-- L, x) 
Ox 

rrt 

= E zvl:~ - -  H01 ( -  L, x), 
~'=0 

o~1 (0, ~) Oe~ (0, x) 
Ox Ox 

o~(o, ~) = o~ (o, ~), 

02 (oo, " 0 = 0 .  

(191 

(20) 

(21) 
(22) 

The solutions of Eqs.  (16) and (17) w e r e  a lso  found by an operat ional  method; they a r e  wri t ten 

' r,) b - , v  ve o,(., ~)= ~ -  = , , ~  + ~ ~( , Y~)}. 
t?l 

O= (x, x) = H(b+2b 1) E z';~v ~ (IV, Ys), 
"g=O 

(23) 

(24) 

where  

b=--C -C; 
y1 = L + x  L - - x  

2 V----~1~ ' V' -- 2 ]/a-~l~ ' L"< x < O' 

L + x  V ax 
Ys= .__a~ , x>O.  

2 d a~+: 

Compar ing  (111, (14t, (23), and (241, we note at once that the solutions a re  exp re s sed  in t e r m s  of t h e  
function @v(W, Y). The re fo re ,  for  engineer ing calculat ions it is p e r m i s s i b l e  to use the universa l  graphs  
of Fig.  1 in all  th ree  ca s e s .  

q s  

qr 

qc 
qv 
T(x, r ) 
if0 
g 

Tbnd 

To 
k 
a 

NOTATION 

heat flux due to solar radiation; 
resu l t an t  flux due to t h e r m a l  radiat ion;  
heat  flux due to convection; 
heat  flux due to evaporat ion;  
t e m p e r a t u r e  of a body at d is tance  x at t ime  T; 
Stefan-- Bol tzmann constant ;  
emis s iv i ty ;  
mean su r face  t e m p e r a t u r e  of bodies with which a given body r ea l i z e s  rad ia t ive  heat exchange;  
convect ive h e a t - t r a n s f e r  coefficient;  
a i r  t e m p e r a t u r e  ; 
t h e r m a l  conductivity;  
t he rma l  diffusivi ty.  

I. 
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